Abstract. It is well known that any viscous fluid flow near a corner consists of infinite series of eddies with decreasing size and intensity, unless the angle is larger than a certain critical angle [28] . The objective of the current work is to simulate such infinite series of eddies occurring in steady flows in domains with corners. The problem is approached by high-order finite element method with exponential mesh refinement near the corners, coupled with analytical asymptotics of the flow near the corners. Such approach allows one to compute position and intensity of the eddies near the corners in addition to the other main features of the flow. The method was tested on the problem of the lid-driven cavity flow as well as on the problem of the backward-facing step flow. The results of computations of the lid-driven cavity problem show that the proposed method computes the central eddy with accuracy comparable to the best of existing methods and is more accurate for computing the corner eddies than the existing methods. The results also indicate that the relative error of finding the eddies' intensity and position decreases uniformly for all the eddies as the mesh is refined (i.e. the relative error in computation of different eddies does not depend on their size).
1. Introduction. The two-dimensional flow of a viscous fluid near the corner between two steady rigid planes was first examined by Moffatt [28] . He established that when the angle between planes is less than a certain critical angle, any flow near the corner consists of infinite series of eddies with decreasing size and intensity as the corner point is approached.
One of the most famous examples of flow in domain with corners is a flow in the lid-driven cavity. The lid-driven cavity problem has become a benchmark problem for researchers to test the performance of numerical methods designed for computation of viscous fluid flow. Particularly, among other criteria, the researchers examine the accuracy of their methods based on how accurately they can compute the corner eddies. However, in the previous works only a few eddies were computed (maximum four corner eddies [4, 18] for certain Reynolds numbers). In addition, the accuracy of finding intensity and position of the smaller eddies was less than the accuracy for the larger eddies.
The only attempt known to the authors to compute a large number of corner eddies for the lid-driven cavity problem is the work of Gustafson and Leben [25] . They computed a large number of eddies (up to ten) for the Stokes flow (Re = 0) on a sequence of subregions contracting to a corner point, setting the boundary conditions for the smaller subregion by interpolation of solution on the larger subregions. However, their method starts with a large error due to initial grid being coarse, and this error does not decrease when interpolating the solution onto the finer grids. Gustafson and Leben pointed out that "Global interaction with the coarser grids is needed to improve the solutions on all levels". However, no works implementing this are known to the authors of the present work.
Flows near the corner between two steady rigid planes have a weak singularity near the corner: flows of such type decay at a rate proportional to some power of distance to the corner point. Therefore, the derivatives of sufficiently high degree are not bounded in the neighborhood of the corner point. Because of these properties, special treatment of singularities might be required to solve numerically the problem with corner singularities.
It has been noticed that the solutions in domains with corners for problems of fluid mechanics as well as in other disciplines have singularities which cause a slow convergence rate (or sometimes divergence) of numerical methods. It has been found out that local mesh refinement near corners and use of analytical formulas of asymptotic solution near corners produce better results for problems with corner singularities. Some of the popular techniques to overcome slow convergence are: singular function method [19, 35] , singular complement method [2] , dual singular function method [6, 7, 10, 11] , introduction of analytical constraints to finite element formulation [33] , truncation of corners and introduction of Dirichlet-to-Neumann boundary conditions for domains with truncated corners [21] , and other methods based on the similar ideas [26, 34] . Also, various methods based solely on mesh refinement (without using asymptotic expansion of the solution) were developed (see for example [1, 3, 14, 30, 31] ). Mesh refinement for biharmonic boundary-value problems is discussed in [5] . Most of the works devoted to solving problems with singularities at corners, however, either used unrefined mesh [2, 6, 10, 11] , or algebraically refined mesh [1, 3, 14, 21, 30, 31] .
The aim of this paper is not simply to obtain better results, but to develop a systematic method that can accurately compute position and intensity of infinite series of eddies in addition to computing the other main features of flow in domains with corners. The proposed method is based on the techniques developed for problems with corner singularities, namely: local mesh refinement near the corners and use of asymptotic solution. The proposed local mesh refinement is exponential in the polar radius r and uniform in the polar angle θ. A standard C 1 -continuous finite element discretization (namely, Argyris elements) was applied to the stream function equation. Theoretical and numerical justification of the proposed method is provided. The proposed method was applied to the lid-driven cavity problem as well as to the backward-facing step problem. The computations indicate that the proposed method allows one to accurately compute the infinite series of eddies, with the relative error of finding intensity and position of different eddies being independent of their size. The words "asymptotic fitting" in the name of our method are motivated by the longexisting exponential fitting method which is designed to uniformly resolve exponential layers in singular perturbation problems (see a collection of such methods in [32] ).
In this paper, by computing an infinite series of eddies we mean producing an approximate formula of computing eddies' intensity and position depending on the number of the eddy. However, strictly speaking, the number of eddies we can practically compute is limited by floating point arithmetic.
The structure of the paper is as follows. In section 2 we give the problem formulation and discuss the properties of flows with infinite series of eddies. In section 3 we describe the proposed method for computing the infinite series of eddies. In section 4 we present and discuss the results of computation of two problems: the lid-driven cavity problem and the backward-facing step problem. Finally, the concluding remarks are given in section 5.
2. Problem Formulation. The problem of viscous fluid flow in domain Ω is governed by the Navier-Stokes equations, which in 2D can be written in the form of a single equation for the stream function ϕ:
where Re is the Reynolds number. This equation will be referred as the stream function formulation of the Navier-Stokes equations. For simplicity, we consider only the Dirichlet boundary conditions, which cover non-slip, moving wall, and inlet/outlet boundary conditions:
where ∂Ω is the boundary of Ω, ∂ ∂n is the outward normal derivative on ∂Ω. The variational formulation of the equations (2.1) and (2.2) is: find ϕ ∈ H 2 (Ω) such that
3)
The structure of the flow depends on the problem under consideration. Our particular interest is the structure of the flow in the vicinity of the corners. As was found by Moffatt, any flow near the corner with angle smaller than the critical one consists of a series of eddies with decreasing size and intensity as the corner point is approached [28] . The first (i.e. largest) eddies can be affected by the flow far from the corner as well as by the nonlinear forces. However, such impact on the smaller eddies can be neglected and therefore their behavior is expected to be close to the behavior of the family of asymptotic solutions. To summarize, the flow domain consists of 1. the part without the corner eddies, 2. the part with the relatively large corner eddies that might not be well described by the asymptotic solution due to the impact of the flow far from the corner as well as the impact of the nonlinear forces, and finally, 3. the part with the relatively small eddies that are well described by the asymptotic solution. To compute such structure of the flow, the computational method should have specific properties. Namely, in the first part of the domain the mesh can be uniform (unless there are other singular features of the solution that are of interest); in the second part the mesh should be refined in such a way that all the eddies are represented with approximately the same number of triangles in order to compute the eddies uniformly accurately; in the third part the asymptotic solution itself can be used as a discretization.
To derive the asymptotics for the solution near the corner, following the work of Moffatt [28] , we can neglect the nonlinear terms because the velocity near the corner between two rigid planes tends to zero. The polar coordinates, with the corner point as the origin, can be separated in the equation (2.1) and hence the main term in the asymptotic solution can be found as the real part of the following complex-valued function:
are found from the non-slip boundary conditions and λ is defined to satisfy the Stokes equation. Particularly, for the case of right angle
and λ ≈ 3.74 + 1.12i. See [8, 27] for a rigorous mathematical theory on asymptotic expansion of the biharmonic equation near a corner.
This asymptotic solution allows one to find the asymptotic ratio of eddies' position and intensity, which are defined as position and value of stream function ϕ at a local extrema. However, absolute position and intensity of eddies depend on the complexvalued constant C which depends on the particular problem. This constant can be found numerically for each corner of the domain. By finding the constant C, we can compute position and intensity of the infinite series of eddies in each corner of the domain in the following way.
We find position (θ k , r k ) and intensity (ϕ k ) of the eddies as local extrema of the real part of ϕ in (2.4):
or after substituting (2.4):
Here denotes the real part of a complex number. Simple analysis shows that these equations can be satisfied only on the bisector θ = π/4, in which case (2.7) is satisfied automatically. Hence r can be found by substituting θ = π/4 into (2.6):
Taking into account that f λ (π/4) = 0 and
where is the imaginary part of a complex number, we can write position (r k , θ k ) of the eddies as
where the eddies are numbered with k = k 0 , k 0 + 1, . . . in order of decreasing size. Finally, to find intensity of the eddies ϕ k we substitute (r k , θ k ) into (2.4):
(2.9) In practice, we can find the constant C only approximately. It means that in computations, there will be some error in eddies' intensity and positions computed by (2.8) and (2.9) due to the error in C. However, we can deduce from formulas (2.8), (2.9) that the relative error of computing the eddies does not depend on k, because k appears in the formula only as some factor which does not involve C. Indeed, if we denoteC to be the approximation to C with the relative error δC =C −C C , and θ k ,r k ,φ k to be approximate position and intensity of the eddies, computed by (2.8) and (2.9) with approximateC instead of exact C, then the relative error of eddies' position and intensity will be the following: (2.9) , and eliminatingθ k ,r k , andφ k computed by formulas (2.8) and (2.9) with exact C substituted by approximateC. The formulas (2.10) present the major term in Taylor expansion of δθ k , δr k , δϕ k with respect to δC. Thus, as we can see, the relative error of different eddies depends only on C (particularly, it does not depend on k) and converges to zero as δC → 0.
By approximately finding the constant C, it is possible to have the uniform relative error for all the eddies in a numerical method. However, to our knowledge, no existing methods can attain it. Our method introduced in this paper attains the uniform relative error, which is numerically demonstrated in section 4. Particularly, we will observe that the relative error of finding eddies' intensity and position decreases uniformly for all the eddies as the mesh is refined (i.e. the relative error in computation of different eddies does not depend on their size).
3. Computational Method. The discretization of the stream function formulation of the Navier-Stokes equations in variational form (2.3) is based on Argyris elements. In order to compute the corner eddies uniformly accurately, a special mesh and basis functions are constructed near the corners. The nonlinear system of algebraic equations resulted from the discretization of (2.3) is solved using Newton's iteration. The linearized system of algebraic equations is solved by the unsymmetric multifrontal method [16, 17] implemented in UMFPACK software package.
Analysis of the literature dedicated to numerical solution of the lid-driven cavity problem indicates that the methods with non-uniform mesh refinement near the boundaries generally produce more accurate results for the corner eddies, though the primary eddy might be computed as accurately as when using uniform meshes. However, in the literature on the lid-driven cavity problem, the mesh refinement function (grading function) is usually fixed to be piecewise polynomial in each Cartesian coordinate, and it is usually not discussed what is the optimal mesh refinement to resolve the eddy structure. A number of works [1, 3, 14, 30, 31] used algebraic mesh refinement near corners in the other applications. Algebraic mesh refinement is used to preserve the convergence rate of the solution globally (the convergence rate is otherwise reduced due to corner singularities). However, it is usually not discussed what mesh refinement should be used in order to accurately resolve singularities near corners.
To accurately resolve the eddy structure near a corner, one should compute a complex-valued constant C in the asymptotic solution (2.4). Having found the constant C, one can compute the eddy structure near the corner by formulas (2.8) and (2.9).
Finding constants of asymptotic expansion of the solution near corners has important applications in elasticity and fracture mechanics, as well as in electromagnetism. A number of methods have been proposed for computing the constants of asymptotic expansion (called "stress intensity factors" in elasticity). Most of the works considered only linear problems [2, 7, 10, 11, 19, 21, 26, 33, 35] . Blum [6] discussed application of dual singular function method to semilinear biharmonic equations, such as the Navier-Stokes equations or the von Kármán equations, however, presenting the numerical results only for linear problems. Shi et al. proposed a method that combines asymptotics of the solution and local mesh refinement near a corner for solution of the Navier-Stokes equations [34] . The authors of [34] mentioned using a local block mesh refinement, which seems to be equivalent to algebraic mesh refinement.
Hawa and Rusak used both exponential local grid refinement and asymptotics of the solution for their finite difference method applied to the backward-facing step flow [26] . They reported improvement of accuracy of the solution near the expansion corner. However, the grid was refined in such a way that if we fix a small region r 1 < r < r 2 near the corner, the number of grid nodes in this region will be the same for the coarse and for the refined grid.
In the proposed method, we use the exponential mesh refinement near the corners. With exponential mesh refinement, each corner eddy large enough to be resolved on a given mesh has approximately equal number of triangles for its representation. The mesh is refined in both radial and angular directions, so that the number of triangles for representation of corner eddies is increased with each mesh refinement, thus increasing accuracy of computing the corner eddies. In addition, we assume that in the triangle adjacent to the corner, size and intensity of the eddies are small enough so that the flow in that triangle is well represented by the analytical asymptotics.
The ideas of using such grid refinement are contained in the work of Gustafson and Leben [25] . Their computational procedure consisted in computing the solution on a uniform grid in the whole domain and then projecting it on finer local grids near the corner. The solution on a uniform grid contains a large error originating from corner singularity, and this error does not decrease when the solution is projected on the finer grids. Gustafson and Leben pointed out that "Global interaction with the coarser grids is needed to improve the solutions on all levels". A method with such global interaction, augmented with fitting the numerical solution to the exact asymptotics, would in a certain way be equivalent to the method proposed in the present work. However, no works implementing such kind of methods are known to the authors of the present work.
To construct a mesh, the domain is decomposed into several subdomains according to the structure of the flow: the main subdomain without the corner eddies, the near-corner subdomains with the relatively large corner eddies and the corner subdomains with the small eddies. Thus, the domain is decomposed into 1 + 2N c In the present method, the constant C of the asymptotic solution (2.4) near the corners is embedded into the finite element discretization: its real and imaginary parts are found simply as the coefficients of the expansion of the numerical solution in the finite element basis.
Apart from infinite series of eddies, there can be other singularities in the flow at the corners. For example, in the lid-driven cavity problem, there are singularities at the corners between the moving lid and the side walls (see [24] for details):
where r > 0 and 0 < θ < π/2 are polar coordinates, chosen so that the origin is in the upper corner of the cavity and θ = π/2 corresponds to the cavity lid. In the backward-facing step problem, there is a singularity at the backward-facing corner (see [26] )
where λ 1 ≈ 1.54, λ 2 ≈ 1.91, λ 3 ≈ 2.63 + 0.23i. It was previously found out that a special treatment of these singularities can produce better results [9, 26] . The technique we use to treat the corner singularities is similar to the technique we use to compute the corner eddies. Namely, we perform the same mesh refinement and we match the asymptotic expansion (3.1) or (3.2) at the corner triangle with the solution at the near-corner subdomain.
The organization of the rest of the section follows the proposed structure of the domain. First, the discretization in the main subdomain is specified (subsection 3.1). Second, the discretization in the near-corner subdomains is described (subsection 3.2). Last, the discretization in the corner subdomains is derived (subsection 3.3). main subdomain is done on the uniform mesh and is based on Argyris elements, which are the standard C 1 -continuous, P 5 finite elements on a triangular mesh:
Argyris elements are schematically shown in figure 3.2. The basis functions for such finite element discretization are determined by 21 degrees of freedom: six degrees of freedom at each vertex of the triangle corresponding to the values of ϕ and its first and second derivatives, and one degree of freedom corresponding to the normal derivative at the middle point of each edge [15, p. 44]:
Here v i are the vertices of the triangle and v ij are the midpoints of the edges (figure 3.2).
3.2. Discretization in the Near-Corner Subdomains. The discretization of equation (2.3) in the near-corner subdomain (trapezium ABGF in figure 3.1) is also based on Argyris elements and is done on the exponentially graded mesh. The mesh is chosen to be conforming with the mesh in the main subdomain and therefore no additional techniques are involved to couple the solutions in these two subdomains. To construct the mesh, the region ABGF is split into the smaller trapezia (figure 3.3) by introducing a series of line segments parallel to AB (denoted as F 1 G 1 , . . . , F m G m on the figure 3.3) and another series of segments of the lines whose extensions cross at the corner point O (these lines are denoted as OD 1 , . . . , OD n in figure  3.3) . Position of the lines crossing at O is induced by the triangulation in the main subdomain: these lines contain the nodes of the triangulation on the line segment AB. The distances between the lines parallel to AB are chosen to satisfy the exponential refinement property: the ratio of lengths of the adjacent intervals on AF and BG is constant:
The constant k is chosen as
to agree with the mesh in the main subdomain and to avoid triangles with small angles.
Here m is the number of subdivisions of GB (hereinafter referred as the number of radial subdivisions), and n is the number of subdivisions of AB (hereinafter referred as the number of angular subdivisions). Finally, after splitting the near-corner subdomain into trapezia, each trapezium is divided into two triangles avoiding obtuse triangles (figure 3.4). These triangles form the triangulation in the near-corner subdomain.
3.3. Discretization in the Corner Subdomains. We assume that in the corner subdomain (triangle OF G in figure 3.1), the asymptotics (2.5) gives a sufficiently accurate approximation to the exact solution. Therefore, the solution basis in the corner triangle OF G is chosen to be a set of only two functions, namely real and imaginary part of the function r λ f λ (θ) in (2.5):
In this case finding the constant C of asymptotics (2.4) is equivalent to finding the coefficients of expansion of the numerical solution in the basis (3.4):
For the overall finite element discretization to be conforming, the basis functions should be C 1 -continuous across the interface F G, that is, the jumps of any basis function ϕ k and its normal derivative should be equal to zero along F G:
These conditions, however, cannot be satisfied since the basis functions in F GBA are piecewise polynomials, whereas the basis functions in OF G are not piecewise polynomials. Therefore, we satisfy the interface conditions (3.5) approximately as described below.
If the values of a basis function in OF G were fixed, then the interface conditions (3.5) would be nothing but the Dirichlet conditions at the segment F G. Therefore, we treat the interface conditions (3.5) like the regular Dirichlet boundary conditions: we set the jumps of the function and its first tangential, second tangential, normal, and mixed derivatives to be equal to zero at the mesh points. In addition, we set the jumps of the normal derivative to be equal to zero at the midpoints of the edges. More precisely, if the triangle v 1 v 2 v 3 has the edge v 1 v 2 on the interface F G, then the interface conditions are written as
The finite element basis constructed in this way approximately satisfies the interface conditions (3.5). Examples of the basis functions are illustrated in figures 3.5, 3.6, 3.7, and 3.8.
One important remark needs to be made regarding refining the mesh. When refining the mesh by a factor of 2, we expect the error to decrease at most by a factor of 2 6 (since the basis functions are 5th degree polynomials). Then we also should shrink the domain OF G as the mesh is refined in order to reduce the error of representation of the solution with its asymptotics (2.5). This will expand the nearcorner domain F GBA. The factor of shrinking of the corner domain OF G needs to be chosen in such a way that on the one hand, the error of representation of the solution with its asymptotics is not dominating, and on the other hand, the number degrees of freedom of the discretization is not too large. From the numerical experiments (see subsection 4.2 for details), it was established that a shrinking factor of 4 is close to the optimal value for computation of the corner eddies. The examples of the meshes in the main and near-corner subdomains for the lid-driven cavity problem are shown in figure 3.9. The bold lines are the interfaces between subdomains.
Results of Computations and
Discussion. The present method was applied to two problems: the lid-driven cavity problem, and the backward-facing step problem. Since the lid-driven cavity problem is the most widely used benchmark problem, the main focus was to compute the infinite series of eddies for the lid-driven cavity flow and compare the data with the results available in the literature (subsection 4.1). Also, different shrinking factors of corner subdomain were tested to confirm that the factor of 4 is close to the optimal value (subsection 4.2). The backward-facing step problem was also computed and compared with the available results (subsection 4.3). It is generally agreed among researchers that the steady flow is stable for small and moderate Reynolds numbers. However, there has been no agreement regarding the stability of the flow for higher Reynolds numbers (although, we must admit, a number of latest works, see [12] and references therein, suggest that the lid-driven cavity flow looses its stability at Re ≈ 8000). We compare our high-Re results with one of the most accurate results available in the literature, namely with the work of Barragy and Carey [4] , who found the numerical solution to be stable up to Re=12500. Also, we present our results for higher Re in order to illustrate the capability of the present method to compute the infinite series of eddies for higher Re, as well as to make it possible to compare the present results with other works. The figures with the streamlines of the lid-driven cavity flow for Re=2500 are presented in figure 4 .2. The upper image contains the eddies PE, TL1, BL1, BR1, and also the small eddies BL2 and BR2. The two lower images contain BL2, BL3 and BR2, BR3 respectively. The images for the smaller eddies are almost not distinguishable from the lower two images and therefore are not presented in the paper.
The lid-driven cavity problem was computed using the method described above. The computations were done on five different meshes, denoted as M0, M1, M2, M3 and M4. The meshes M0 and M1 are shown in figure 3.9. The parameters such as number of triangles, number of degrees of freedom (DOF), size of a leg of the corner triangle (i.e. length of OG in figure 3.4) , and the number of radial and angular subdivisions of near-corner subdomains (i.e. the numbers m and n introduced in section 3.2) are presented in table 4.1. The fourth column (reduced DOF) is the number of degrees of freedom after application of the boundary conditions and the matching conditions on the interface between corner and near-corner subdomains. The results on the mesh M0 are substantially under-resolved for Re ≥ 1000 and therefore are not presented here. Comparison of the results of the present work on different meshes with the works available in the literature was carried out for Re=1000. The results are presented in table 4.2 (only the works that produce at least one of the two second corner eddies, BR2 or BL2, were included in the table). The first column of the table indicates the work (the present work or the existing work we compare with). The type of method used and its spatial accuracy are presented in the second column. The abbreviations FE, Sp, and FD denote finite element, spectral, and finite difference method respectively. The third column indicates the grid (or mesh) used and the number of degrees of freedom in the discretization. The rest of the columns contain intensity (ϕ) and position (x, y) of the respective eddies.
The best agreement of our results for Re=1000 is with the results of Botella and Peyret [9] , which seem to have the most accurate results for Re=1000 available in the literature. The absolute difference in stream function at the location of eddies between our work and [9] is less than 10 −7 . As can be seen from table 4.2 (rows 5 and 6), the results on the meshes 128×128 and 160×160 are very close to each other and are very close to the results of the present work. The absolute difference in intensity of the primary eddy (PE) is less than 10 −7 and the difference for BL2 is 6 · 10 −11 . However, the relative difference between computations on these two meshes is less than 10 −6 for the primary eddy, and is approximately 0.01 for BL2. This is the common feature of most of the other methods: the relative accuracy of computation of the corner eddies is less than the accuracy for the primary eddy; the smaller the eddy is, the less the relative accuracy is. On the contrary, for the present method the relative difference between solutions on the meshes M3 and M4 for PE is approximately 1.68 · 10 −7 , for BL1 is 1.47 · 10 −6 , and for BL2 is 1.49 · 10 −6 . This indicates that the proposed method allows one to compute the infinite number of eddies with the relative error of computation of the corner eddies being essentially independent of their size. We will observe this feature of the proposed method in more details below.
The results for higher Reynolds numbers were compared with the results of Barragy and Carey [4] , which were found to be the most accurate results containing up to the 4th corner eddies. The absolute difference between the present work and [4] in stream function at the location of the eddies is less than 10 −5 . Intensity and position of some of the eddies for the present computations for the different mesh refinements and the results of Barragy and Carey [4] are presented in tables 4.3 and 4.4 (for Re=2500 and Re=12500 respectively). Table 4 .3 indicates that the present results for Re=2500 are more accurate for all the eddies than the results of Barragy and Carey. The results for Re=12500 (table 4.4) on the mesh M4 seem to be of comparable accuracy for the primary eddy and first three corner eddies (BL1-BL3, BR1-BR3). However, the present method produces better results for the fourth corner eddies (BL4 and BR4) than the method of Barragy and Carey [4] . The deterioration of the accuracy of the present method for high Reynolds numbers is attributed to the uniform mesh being used in the main subdomain in the present method. Barragy and Carey used the graded mesh which might resolve the boundary layers near the walls better.
It is also interesting to examine the relative error of finding intensity and position of different corner eddies depending on the mesh. As can be observed from table 4.3 (Re=2500), the difference in eddies' intensity and position between computations on two consecutive meshes M3 and M4 decreases by a large factor (the difference between M3 and M4 is about 30 times smaller than the difference between M2 and M3). This indicates fast convergence of the numerical solution. Hence, we can estimate the error of the solution on M1, M2, and M3 as the difference with the solution on M4. Also, since the difference between the results of Barragy and Carey and the present results on the mesh M4 is much larger than the difference between M3 and M4, we can also estimate the error of Barragy and Carey's solution as the difference between their solution and the present solution on M4. The estimated relative error thus computed for the eddies BL1-BL4 is presented in table 4.5. As can be seen from table 4.5, the method of Barragy and Carey (as well as all the methods available in the literature and known to us) produces the relative error which increases for the smaller eddies. On the contrary, the present method allows one to compute the whole infinite series of eddies, and the relative error of finding the eddies' intensity and position decrease uniformly for all the eddies as the mesh is refined. That is, there is a bound on the relative error of finding the eddies' intensity and position, this bound is independent of size and intensity of the particular eddy and decreases as the mesh is refined. This is a distinctive feature of the proposed method, which is a result of appropriate mesh refinement near the corners as well as coupling the approximate solution with the exact asymptotics.
One of the reasons for uniform accuracy of computing corner eddies is the ability of the method to accurately compute the complex-valued constant C in the asymptotic solution (2.4). Table 4 .6 presents the computed values of the constant C at the bottom-left and the bottom-right corners. It can be seen that the values of C also converge fast as the mesh is refined. Estimates (2.10) guarantee that once the error of finding C is small, the relative error of position and intensity of the eddies near the corner is also small and is independent of the size of eddy.
Intensity and position of all the eddies present in the flow were computed for Re=1000, 2500, 5000, 7500, 10000, 12500, 20000, and 25000. The fifth corner eddies (BL5 and BR5) as well as the smaller eddies (sixth, seventh, etc.) were computed for the first time in the present work. The results of the computations on the finest mesh (4th refinement) are presented in tables 4.7-4.10. Table 4 .7 presents the results for the primary eddy (PE) and the top-left eddies (TL1 and TL2). Intensity and position of the first four secondary bottom-left eddies (BL1, BL2, BL3, and BL4) and the first 4 secondary bottom-right eddies (BL1, BR2, BR3, and BR4) are given in tables 4.8 and 4.9 respectively. Table 4 .10 presents the subsequent secondary bottom-left and bottom-right eddies (BLk, BRk for k = 5, 6, 7, . . .). As was mentioned earlier, the solution for Re=20000 and Re=25000 might not be stable; the results for Re=20000 and Re=25000 are presented to demonstrate the capability of the present method to compute infinite series of eddies for high Reynolds numbers.
The secondary eddies starting from the fifth one (table 4.10) are computed for the first time in the present work. The relative difference between computations of these eddies on the meshes M3 and M4 was found to be relatively small (from 10
for Re=1000, to 0.02 for Re=12500, to 0.2 for Re=25000). This suggests that the present results are very accurate for small and moderate Reynolds numbers, relatively accurate for high Reynolds numbers, and have the correct order of magnitude for very high Reynolds numbers.
Corner Subdomain Shrinking
Factor. In order to find an optimal shrinking factor of the corner subdomain, computation of the corner eddies for the lid-driven cavity problem with shrinking factors of 2 3/2 ≈ 2.8, 2 2 = 4, and 2 5/2 ≈ 5.7 was done. mately computed as the difference with the solution on the mesh M4. The continuous line on graph 4.3 corresponds to the shrinking factor of 4, and the round and square markers correspond to the shrinking factors of 2 3/2 and 2 5/2 respectively. As can be seen from the graph, the error for the shrinking factor of 2 3/2 is insignificantly less for DOF ≈ 2000 and is greater for the solution with more degrees of freedom. The error for the shrinking factor of 2 5/2 is close to the error for the factor of 4 for the same mesh refinement, which makes the shrinking factor of 2 5/2 less preferable because of larger degrees of freedom for the same mesh refinement. Thus, the solution for the shrinking factor of 4 generally performs better than for the factors of 2 3/2 and 2 5/2 , since, generally, it has the smaller error for the same number of degrees of freedom. Therefore, we can conclude that the shrinking factor of 4 is close to the optimal value.
Backward-Facing
Step Problem. The problem of the flow around a backward-facing step is another benchmark problem used for testing numerical methods. Unlike the lid-driven cavity problem, there are few works that would compute several corner eddies for the backward-facing step problem. Also, because there are more parameters to choose in the backward-facing step problem (i.e. expansion ratio and two channel lengths), different authors perform computations using different parameters. This makes comparison between different works for this problem more difficult than for the lid-driven cavity problem. Therefore, instead of comprehensive comparison of computation of series of corner eddies for this problem, we just compute the backward-facing step flow for one choice of parameters and compare our results with one of the works available in the literature (namely, with [23] ). The schematic structure of the domain and the eddies for the backward-facing step flow is shown in figure 4 .4. There is one upper wall eddy (UW) and a series of corner eddies (C1, C2, . . . , Ck, . . . ) . The first corner eddy is sometimes referred in the literature as the "lower wall eddy".
We chose the parameters of the problem in accordance with the first computational example of [23] . The domain sizes and Reynolds number in the computed example are chosen as follows: L = 20, L e = 3, H = 1, h = 0.5, Re = 1000. The standard parabolic velocity with a maximum value of 1 is prescribed at the inlet (at x = −L e ). At the position of the outlet x = L, contrary to the conventional outflow conditions, the velocity is set to be equal to velocity at x → ∞. We found that these boundary conditions produce the same results as the other boundary conditions tried in the literature, but are easier to implement. With these boundary conditions, the problem takes the form
where
There were 2 insignificant differences in choice of parameters between our work and [23] . First, the value of Reynolds number in [23] was 500 due to the different way of defining it. And second, the outlet boundary conditions in [23] were such that the normal derivatives of velocity were zero at the outlet. However, as was stated in [23] , with the chosen outlet boundary conditions and the channel length L, their results were "channel-length-independent". For our case, we found out that our results are also independent of the channel length: the relative difference in intensity of eddies between the flows with L = 20 and L = 25 is less than 10 −12 . Therefore, it is valid to compare these two examples.
The graphs with streamlines of the backward-facing step flow are presented in figure 4.5. The upper graph has the eddies UW and C1, the lower left graph contains C1 and C2, and the lower right graph shows C2 and C3.
The backward-facing step problem was computed on three different meshes denoted as M1, M2, and M3. The mesh M1 is shown in figure 4 .6, where the bold lines correspond to the boundaries of near-corner subdomains. Near the 90-degree corner the mesh is similar to the near-corner mesh for the lid-driven cavity problem. The mesh at the backward-facing 270-degree corner is constructed by splitting the corner into three 90-degree angles and combining the meshes for those 90-degree angles, as shown in figure 4.6. The details of the meshes used are presented in table 4.11, where the table columns are the same as in table 4.1. Also, some details of the discretization of [23] are presented in table 4.1.
Intensity (ϕ) and position (x, y) of the upper wall eddy UW and the corner eddies C1, C2, C3, and Ck (k = 4, 5, . . .) are presented together with the results of [23] in table 4.12. As can be seen from the table, the absolute difference in intensity of the eddies between the present solution and [23] is of the order of 10 −4 . The absolute difference in intensity between the present results on the meshes M2 and M3 is 1.1 · 10 −8 . The relative difference in intensity of the eddies Ck (k ≥ 4) is 3.7 · 10 −4 . Thus, we can conclude that the proposed method efficiently computes the solution of the backward-facing corner problem, and allows one to compute all the eddies present in the flow relatively accurately.
Conclusion.
The method for computing the infinite series of eddies in viscous fluid flows in domains with corners was proposed. The method is based on Argyris finite element discretization for the stream function formulation of the Navier-Stokes equations, exponential mesh refinement near corners and asymptotics of the flow near corners. The method was applied to two benchmark problems: the lid-driven cavity problem and the backward-facing step problem. The results of computations demonstrate high accuracy of the present method, show that the method can accurately compute the infinite series of eddies, and indicate that the relative error of finding eddies' intensity and position decreases uniformly as the mesh is refined (i.e. the error of finding intensity and position of different eddies does not depend on their size). The comparison with the results available in the literature shows that the present method produces solutions of the same or better accuracy than the existing methods. Table 4 .10 k-th Secondary bottom-left and bottom-right eddy (k = 5, 6, 7, . . .). Here Φ λ ≈ −0.000027572858 and R λ ≈ 0.060359400 
